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A CLASS OF SIMPLE LIE GROUPS
WHOSE QUASIREPRESENTATIONS
WITH SMALL DEFECT
CAN BE APPROXIMATED
BY AN ORDINARY REPRESENTATION

A. 1. SHTERN

ABSTRACT. We prove that every connected Lie group with finite center (as
is well known, the semisimple groups of this kind admit no nontrivial real
pseudocharacters) satisfies the following triviality theorem (which thus is not
a characterization of amenable groups of this kind): every locally bounded
finite-dimensional quasirepresentation of such a group with sufficiently small

defect admits a close ordinary representation of the group.

§ 1. INTRODUCTION

For a preliminary information concerning quasirepresentations of simple
Lie groups, see [1]. For the definitions needed below, see also [2].

Definition 1. The realization of a quasirepresentation of a group in a finite-
dimensional space in the form given by formula (1) below and satisfying
conditions (1)—(3) listed in the formulation of the main theorem below in §2
is referred to as a canonical realization of the quasirepresentation.

Let us recall some facts we need [2].
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Theorem A (immediate corollary to Theorem 3.3.14 in [2]). Let G be a con-
nected simply connected noncompact simple Lie group and let ™ be a quasirep-
resentation of G with sufficiently small defect in a finite-dimensional vector
space E.. Let

be a canonical realization of ™ (according to part (4) of Theorem 3.3.14 in [2],
such a canonical realization ezists). The following assertions hold.

(i) The bounded representations o and 6 are multiples of the identity rep-
resentation of G.

(ii) If the center of the group G is finite, then the mapping I is a multiple
of the identity representation of G.

(iii) If the center of the group G is finite, then 1 = 0.

§ 2. MAIN THEOREM: FORMULATION

Definition 2. Let G be a connected locally compact group, and let R be
the radical of G. A character y of R is said to be central if the relation
x(r) = x(g~rg) holds for all g € G and r € R.

Theorem. Let G be a connected Lie group with finite center and let ™ be a
locally bounded finite-dimensional e-quasirepresentation of G with sufficiently
small €. Let E7 be the space dual to E;. Let L be the set of vectors & € E
whose orbit {m(g)¢ | g € G} is bounded in E; let M be the set of functionals
f € EX whose orbit {m(g)*f | g € G} is bounded in EX; then L and the
annihilator M+ of M are m-invariant vector subspaces in E. Let us consider
an increasing family of subspaces {0}, LN M+, M+, L+ M*, E= E, and
write out the matriz t(g) of the operator w(g), g € G, in the block form
corresponding to the decomposition of the space E into the direct sum of
subspaces LN M+, M-\ (LNM=L), L\(LNM%'), and E\ (L + M%), where
the symbol “\” stands for the passage to a complementary subspace:
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(ITa3(g) = 0, because L is invariant with respect to w.) Then the following
assertions hold:

(1) the mappings «, 0, v, o, and x are bounded;

(2) the matriz-valued mappings Iy and Iy defined by the formulas 111 (g) =
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(3) the mapping T is a quasicocycle with Tespect to the representations tq
and tz, i.c., the mapping (g, h) — 7(gh) — a(g)T(h) — ¢(g)p(h) — 7(9)d(h),
g,h € G, is bounded;

(4) a basis in the chain of subspaces {0}, LN M+, M+, L+M~*, E = E,
can be chosen in such a way that the mappings o and x are small if the defect
€ 18;

(5) the mapping

) are representations of G
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approximating the quasirepresentation T, can be chosen to be an ordinary
representation of G, and the representation © is continuous on the commu-
tator subgroup of the radical R of G in the topology induced by that of G and
continuous on the Levi subgroup of G/N in the intrinsic topology of the Lie

group.

§ 3. MAIN THEOREM: PROOF

Proof of the theorem. Let G be a connected Lie group with finite center, let
7 be a locally bounded finite-dimensional e-quasirepresentation of G with
sufficiently small defect € in a finite-dimensional normed linear space F, let
S be a Levi subgroup of GG, and let R be the radical of G.

Properties (1)—(3) are general specific features of construction (see [1]).
Property (4) follows immediately from the very construction of the chain of
subspaces {0} C LN M+ C M+ C L+ M+ C E = E, (see the proof of
Theorem 3.3.14 in [2]).

Property (5) and the existence of a realization of the mapping © described
there follows from the fact that, according to the result cited above in The-
orem A, the restriction of the canonical realization in question to the Levi
subgroup S is an ordinary representation of S, and we may assume that
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the restriction of this realization to the radical R is an ordinary representa-
tion of S, since quasirepresentations of amenable (in particular, of solvable)
groups with small defect admit close ordinary representations [1]. A simple
observation shows that these representations of S and R are automatically
combined into a representation of G.

Thus, every finite-dimensional quasirepresentation of a group in question
with sufficiently small defect admits a close ordinary representation.

§ 4. DISCUSSION

It seems that the result can be extended to almost connected locally com-
pact groups.

Acknowledgments

I thank Professor Taekyun Kim for the invitation to publish this paper in
the Advanced Studies of Contemporary Mathematics.

REFERENCES

1. A.I. Shtern, “Quasisymmetry. I,” Russ. J. Math. Phys. 2 (3), 353-382 (1994).

2. A.I. Shtern, “Finite-dimensional quasirepresentations of connected Lie groups and
Mishchenko’s conjecture,” Fundam. Prikl. Mat. 18 (7), 85-225 (2007) [J. Math. Sci.
(N.Y.) 159 (5), 6563-751 (2009)].

DEPARTMENT OF MECHANICS AND MATHEMATICS,
Moscow STATE UNIVERSITY,
Moscow, 119991 RuUSSIA, AND
INSTITUTE OF SYSTEMS RESEARCH (VNIISI),
RUSSIAN ACADEMY OF SCIENCES,
Moscow, 117312 RussIiA
E-MAIL: ashtern@member.ams.org, aishtern@mtu-net.ru



